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Chapter 3

Reconstructing 3D Arterial Trees

from X{ray Angiograms

This chapter presents the methods for building three dimensional computer models

of vessels. These models are used to initialize the motion tracking method presented

in the next chapter.

A description of x-ray coronary angiography and the imaging hardware is pre-

sented �rst. Then, the methods for correcting the geometric distortion and mis{

calibration of the imaging system are described. Finally, the algorithm for recon-

structing a tree of 3D curves from two 2D projections is presented.

3.1 X{ray Angiography

X{ray imaging systems produce images by passing a beam of high energy photons

through an object of interest. The x{rays interact di�erentially with materials de-

pending on their atomic properties, causing beam attenuationas it passes through the

object. The images are created by capturing the emerging x{ray pattern on �lm or

a photoelectric screen. Short exposure times provide a temporal resolution of several

milliseconds, and a spatial resolution of 1-3.3 line pairs/mm [10].

However, this imaging modality provides poor soft tissue contrast. X{ray an-

giography, or the imaging of vessels, requires the use of an iodinated contrast agent
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to opacify the vessel lumen. For coronary imaging, a contrast injection is delivered

selectively using a catheter advanced from the groin (Fig. 3.1). A typical coronary

angiogram is acquired with a 10 cc bolus of contrast administered over 4-8 seconds.

Toxicity of the contrast agent (total dose< 180 cc), and concern over radiation ex-

posure for the patient and physician limits the duration of these imaging studies.

3.1.1 Hardware

A typical x-ray 
ouroscopy system is shown in Figure 3.2. The imaging apparatus

consists of an x-ray source and an image intensi�er, at opposite ends of a C-arm

gantry. In newer models, the image intensi�er is being replaced with a digital 
at

panel acquisition unit. Magni�cation depends on the source toobject distance (SOD),

source to intensi�er distance (SID), and the intensi�er size (IS). A biplane system has

two C-arm units rotating around a common isocenter. Images are acquired on the

two systems nearly simultaneously (�t� 10-15 ms).

The orientation of the imaging arm with respect to the patientis de�ned by two

angles (Fig. 3.3). The primary angle (PA) describes a rotationof the gantry along an

arc from patient's left to right sides. The secondary angle (SA) represents rotation

of the gantry along an arc from the patient's head to feet.

3.1.2 The Imaging Equation

The 3D{to{2D imaging process can be described by a 3x4 projection matrix P:
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which is the product of a 3x3 matrix representing a perspectiveprojection, and a

3x4 matrix describing the orientation of the imaging system relative to a world co-

ordinate system. Nu and Nv are the image dimensions in pixels. The 3x3 matrix

RpaRsa represents the orientation of the imaging C-arm, as de�ned bythe primary

and secondary angles.
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t=0 ms t=330 ms t=660ms

t=990 ms t=1320 ms t=1650 ms

t=1980 ms t=2310 ms t=2970 ms

Figure 3.1: X-ray coronary angiography is performed by selectively injecting the
arteries with a bolus of iodinated contrast.
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Figure 3.2: Diagram of an x-ray imaging system. An x-ray source and image intensi�er
are arranged on a C-arm gantry. The isocenter is de�ned as the point of rotation of
the imaging arm. The SOD, or source to object distance, is measured to the isocenter,
where the imaged object is typically placed. SID is the sourceto image intensi�er
distance, and IS is the intensi�er size. The �gure is adapted from the Series 9800
Mobile C-Arm Operator's Guide (OEC Medical Systems Inc).

Secondary AnglePrimary Angle

RAO LAO Cranial Caudal

Figure 3.3: The primary angle (PA) and secondary angle (SA) de�ne the geometric
orientation of the imaging system with respect to the patient. Zero degree primary
and secondary angles correspond to an anterior-posterior projection. The primary
angle diagram is viewed from the patient's feet.



PhD Thesis c
 2003 by Guy Shechter. 30

Z

X

Y

90o

LAO
Image
Intensifier

X-ray source

Figure 3.4: The coordinate system of the imaging C-arm. For themathematical
description of the imaging process, di�erent projections of the patient are obtained
by rotating the patient in the camera's �xed frame of reference.

Figure 3.4 is a diagram of the imaging coordinate system. The imaging process is

modeled as a perspective projection along the -z axis. In this mathematical descrip-

tion, the patient is oriented within a �xed camera coordinate system. The primary

angle rotation, Rpa, is a straightforward rotation about the +y axis, with a positive

angle rotation corresponding to an LAO view:

Rpa =

2
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5 : (3.2)

If PA=0 � , then the secondary angle rotationRsa is simply a rotation about the +x

axis, with a positive angle rotation corresponding to a cranialview:

Rsa =

2
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In most cases PA6=0 � , and a new axis of rotation must be computed for the secondary

rotation. The new axisu is obtained by rotation the x axis by -(PA) around the +y
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axis. Using the transpose ofRP A as the negative rotation,

v = RT
pa

h
1 0 0

i T
(3.4)

and u = ( ux ; uy; uz)T = v=kvk. The secondary angle rotation matrix is then com-

puted using

Rsa = uu T + cos(SA)
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which represents a 3D rotation about an arbitrary axisu [69].

In homogeneous coordinates, multiplying the 3D pointq = ( qx ; qy; qz; 1)T by the

projection matrix P, generates the 2D pointr = ( ru; r v; rw)T :

r = Pq: (3.6)

The image coordinates of this point are obtained by dividingr by rw .

3.2 Methods

3.2.1 Geometric Distortion Correction

Images acquired on an x{ray system equipped with a conventional image inten-

si�er (II) su�er from two independent geometric distortions (Fig 3.5). The curved

face of the image intensi�er generates a pincushion distortion, which is observable as

a stretching in the periphery of images. This is a direct consequence of mapping the

curved image intensi�er surface onto a planar image. The secondtype of distortion

is due to the e�ect of the earth's magnetic �eld on electrons moving in the image

intensi�er. Because the magnitude of the distortion is dependent on the alignment

of the image intensi�er in the earth's magnetic �eld, this e�ect is dependent on the

orientation of the image intensi�er. In order to extract meaningful quantitative in-

formation from the X{ray images, the geometric distortions mustbe quanti�ed and

removed. In order to simplify the procedure and remove user{dependent e�ects, a

fully automatic process was developed.



PhD Thesis c
 2003 by Guy Shechter. 32

A plastic plate (23x23x0.2 cm) with radio{opaque beads (1 mm diameter) ar-

ranged in a grid pattern, with a 1 cm horizontal and vertical spacing, was con-

structed. Images of the grid a�xed to the face of the image intensi�er are obtained

and compared to the known geometry in order to quantify the geometric distortion.

Bi-polynomial dewarping functions are calculated to compensate for the distortion

observed for a given imager orientation. Images are undistorted by bilinear interpo-

lation of the distorted image at positions given by the dewarping polynomials.

Bead Detection

In order to quantify the geometric distortion, the position of the radio{opaque

beads must �rst be identi�ed in the images. Because multiple images of the grid are

available for a given orientation, several images are averaged in order to increase the

image signal{to{noise ratio (SNR).

A binary image is generated by thresholding the gray-scale image, in order to

obtain a �rst approximation of the bead locations. The beads and border of the

resulting image have a value of one, and the image background has a value of zero.

This process generates noisy results at the boundary of the image intensi�er, as seen

in Figure 3.6a. A morphological dilation using a 3x3 templateis applied to the image

in order to connect the noisy pixels to the background image border (Fig. 3.6b). A


ood{�ll operation is applied at the four image corners in order to set the border

region to a zero value, leaving only the beads with an intensity of one. For each of

the thresholded bead positions, an approximate, discrete, beadcenter is obtained by

�nding the pixel with the lowest gray-scale intensity.

A sub{pixel centroid is calculated for each bead using the following method. A

global threshold value is calculated as the sum of the minimum image intensity and

the mean image intensity divided by an empirically determined factor (1.8). Thresh-

olding with this value is used to identify a neighborhood of pixels around a given

approximated bead center. The bead centroid is calculated by a gray-scale intensity

weighted spatial average of the pixels preserved by the thresholding step.
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Figure 3.5: Geometric distortion of a rectangular grid of radio{opaque beads spaced
at 1cm intervals. The image was acquired with a 0o LAO/RAO, 0 o Cranial/Caudal,
and a source intensi�er distance of 1058 mm.
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Modeling the Undistorted Bead Positions

In order to quantify the geometric distortion of an imaged grid of beads, a model

of the undistorted bead positions to be used as a reference must begenerated. For

a given distorted image, a set of beads located at the center of the image is used to

model the undistorted bead positions over the entire image. Itis assumed that beads

selected from the center are minimally a�ected by the geometric distortion.

The undistorted bead positions can be represented by a center coordinate, (xo,yo),

and a vector, (u,v), representing the displacement from the center bead to the closest

bead in one of the principal grid directions. For any integersi and j , the undistorted

bead (x i ,yj ) can be expressed as:

"
x i

yj

#

=

"
xo

yo

#

+ i

"
u

v

#

+ j

"
� v

u

#

:

This formulation enforces the condition of isotropic bead spacing in the horizontal

and vertical directions (Fig. 3.7). A non{linear least squares minimization algorithm

in Matlab is used to recover the four parameters (xo,yo,u,v) which minimize the

residual RMS errors between the hypothesized undistorted beads and the observed

beads, within a given neighborhood in the center of the image.

To maximize the con�dence in the recovered parameters, the procedure is initial-

ized with a neighborhood of 49 beads whose shape is shown in Figure 3.8a. After the

optimal parameters are recovered, the RMS error is analyzedto verify the assump-

tion of minimal distortion in the selected neighborhood. The assumption is rejected

if the RMS error is greater than 1 pixel, and the procedure is repeated with smaller

neighborhood sizes as shown in Figure 3.8b-d. Figure 3.9 shows the undistorted beads

calculated from and superimposed on the image of Figure 3.5.
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(a) (b)

Figure 3.6: Morphological dilation of the background improves the result of threshold
segmentation, which is particularly noisy at the image intensi�er boundary. Result
of threshold segmentation in (a), followed by morphological dilation in (b).

u

 v

-v

 u

 u-v

u+v 

 ( i=0, j=0 )

( i=1, j=0 )

( i=1, j=1 )

( i=0, j=1 )

Figure 3.7: The undistorted bead positions are generated usingthe parametric model
de�ned in Equation (3.2.1). The vector (u,v) describes the fundamental separation
between two neighboring beads.
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Figure 3.8: Shapes of four di�erent size neighborhoods used tocompute the undis-
torted bead positions. The neighborhood sizes are (a) 49, (b) 25, (c) 9, and (d) 5
beads.
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Figure 3.9: Undistorted beads(+) calculated from, and superimposed on the distorted
image of Figure 3.5.
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Dewarping Polynomials

After the reference undistorted bead positions are generated,they are pairwise

matched with the distorted bead positions detected in the images. Proceeding radi-

ally from the center of the image, each undistorted bead is matched with the nearest

unmatched distorted bead position. If the distance between thematched points is

greater than 80% of the undistorted inter{bead distance, the match is rejected. This

approach works well for the observed distortion magnitudes and handles the occa-

sional missing beads in the Plexiglas panel.

Once the point{wise matches are established, a function which maps the undis-

torted beads to their distorted position is sought. Two polynomials are used to inde-

pendently recover the distortedxd and yd positions as a function of the undistorted

point (xu,yu):

xd =
NX

i =0

MX

j =0

Pi;j (xu) i (yu) j (3.7)

yd =
NX

i =0

MX

j =0

Qi;j (xu) i (yu) j (3.8)

wherePi;j and Qi;j are the coe�cients of the degreeN; M bi{polynomials [70, 71].

We �nd a least squares solution for the polynomial coe�cients byconstructing a

system of linear equations using the matched bead pairs. The overdetermined system

of equations for equation (3.7), withB beads, can be written as
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Quantifying the Error of the Polynomial Correction

Equations (3.7)-(3.8) are used to compute the distorted coordinates x̂d and ŷd

for each of the idealized undistorted beads (xu,yu), which were used to construct the

polynomials. Since the true distorted bead position (xd,yd) is known, as measured in

the image, the RMS error of the bi{polynomials can be computed as:

RMSx =

vu
u
t 1

B

BX

i =1

(x̂d;i � xd;i )2 (3.10)

RMSy =

vu
u
t 1

B

BX

i =1

(ŷd;i � yd;i )2 (3.11)

for B beads. The distance RMS error is calculated using the 2D Euclidean distance

between the points (xd,yd) and (x̂d,ŷd):

RMSd =

vu
u
t 1

B

BX

i =1

(x̂d;i � xd;i )2 + ( ŷd;i � yd;i )2 (3.12)

Generating undistorted images

The methods that follow for reconstructing and tracking of arteries in the an-

giograms require input images that are distortion free. Thesecorrected images are

generated from the acquired angiograms in the following manner.

An N� M image matrix is initialized to zero, where N and M are the samedimen-

sions as the distorted images. For each of the N� M integer pixel values (xu; yu) in this

target image matrix, Equations (3.7)-(3.8) generate a corresponding point (xd; yd) in

the original distorted image. The distorted image is sampled at(xd; yd) using bilinear

interpolation, and the value is stored in the target matrix.
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3.2.2 Imaging System Calibration

Three dimensional reconstruction from two or more projectionimages requires

knowledge of the geometric con�guration of the imaging system. The following pa-

rameters are typically provided for each acquisition in the DICOM image headers or

on the imaging system display: primary angle (PA), secondary angle (SA), source{

to{intensi�er distance (SID), and intensi�er size (IS). The source{to{isocenter dis-

tance (SOD) is usually �xed, and can be found in the system's documentation.

Unfortunately, the manufacturer's reporting of these parameters are of limited

accuracy, because of the large mechanical nature of the device, and the limited clinical

utility of highly accurate parameters. The intersection of the two imaging systems at

a proscribed isocenter may be compromised [72].

In addition, there may still be residual low order distortion ofthe image caused

by the image intensi�er. The dewarping method described in theprevious section

infers the undistorted bead positions from the location of thecentral imaged beads.

Low order distortions { such as rotation and translation { a�ecting the entire image

would not be detected in that step.

The section describes a method for reconstructing a phantom of known dimension

to recover any low order distortions and to correct for uncertainties in the imaging

geometry parameters.

Imaging and Segmentation

A plastic rectangular phantom (4.9 x 6.73 x 2.49 cm) containing nineteen spherical

metal beads (1.59 and 3.18 mm diameter) was constructed.Images were acquired with

the same C-arm positions used for patient imaging. Using methods described in

the previous section, the geometric distortion was removed, and the location of the

phantom beads in the images was calculated.

Three Dimensional Reconstruction of Points

The 3D position of a point can be reconstructed from two or more observations

using a calibrated imaging system. Using homogeneous coordinates, suppose that a
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three dimensional pointx = ( x; y; z; w)T corresponds to the pointu i = ( ui ; vi ; 1)T in

imagei . Then

u i = Pi x i (3.13)

where Pi is the projection matrix describing the imaging process (see Eq. 3.1). Ex-

pressing thej -th row of Pi as P i;j , allows Equation (3.13) to be written as

ui = P i; 0x (3.14)

vi = P i; 1x (3.15)

1 = P i; 2x (3.16)

so that

P i; 0x � ui P i; 2x = 0 (3.17)

P i; 1x � vi P i; 2x = 0: (3.18)

Combining (n +1) 2D observations of the 3D point allows the reconstruction problem

to be expressed in the formAx̂ = 0, where

A =

2

6
6
6
6
6
6
6
6
4

P0;0 � u0P0;2

P0;1 � v0P0;2
...

Pn;0 � unPn;2

Pn;1 � vnPn;2

3

7
7
7
7
7
7
7
7
5

: (3.19)

A least squares solution for the 3D point̂x is found by solving for the eigenvector

of AT A corresponding to the smallest eigenvalue. This formulation iswell suited

for an imperfect calibration of the imaging system, or an overdetermined system of

equations.

Measuring the Quality of a Reconstruction: 2D

The quality of a 3D reconstruction can be quanti�ed by projecting a reconstructed

3D point back into the image planes, and measuring the error from the 2D points
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used to generate the reconstruction. Letf u i;j g with j =
�
0; : : : ; p

�
represent the set

of (p+1) 2D points used to reconstruct the 3D pointx̂ i , andû i;j = Pj x̂ i represent the

projection of x̂ i into the j -th image plane. For a perfect reconstructionu i;j = û i;j .

This equality rarely holds due to to calibration errors and noise in the process of

selecting points in the images.

For a set of (n +1) points reconstructed from (p+1) image planes, an RMS image

error is de�ned as

RMS(E2D ) =

vu
u
t 1

(p + 1)( n + 1)

pX

j =0

nX

i =0

ku i;j � û i;j k2: (3.20)

Measuring the Quality of a Reconstruction: 3D

When imaging a phantom of known dimension, it is possible to compute a 3D

measure of the reconstruction quality. Let̂x i represent the 3D reconstruction com-

puted from images of a physical metal bead located atx i . For a set of (n + 1) points,

an RMS 3D Euclidean distance error is de�ned as:

RMS(E3D ) =

vu
u
t 1

(n + 1)

nX

i =0

kx i � x̂ i k2: (3.21)

In practice, the true 3D coordinates of the beads comprising the phantom are

known only relative to each other. The 3D position of these beads within the coor-

dinate system of the imaging system,f x i g, is not known, however the relationship

between the two representations can be modeled by a rigid bodytransformation.

Therefore, after reconstructing the 3D bead positionsf x̂ i g, the rigid body transfor-

mation which best registers thea priori model of the phantom with the experimental

reconstruction is computed. This step provides the coordinatesf x i g for use in Equa-

tion (3.21).

Calibration Optimization

A non-linear least squares minimization algorithm (Matlab ) was used to optimize

the imaging parameters and to recover low order geometric distortion, so that a
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weighted sum of RMS(E2D ) (Eq. 3.20) and RMS(E3D ) (Eq. 3.21) is minimized. The

variables available for optimization are PA, SA, SID, SOD, IS,� , tx , and ty, in a

modi�ed version of the projection matrix from Equation (3.1):

P =

2
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(3.22)

The speci�c changes to Equation (3.1) are the introduction of� and (tx ; ty). The 2D

in-plane rotation of the imaging plane by angle� could explain a rotational distortion

of the image in the image intensi�er unit, caused by the interaction of electrons with

external magnetic �elds. Alternatively, it may represent an undesired mechanical

rotation of the intensi�er housing. tx and ty represent a translational distortion of the

image in the image intensi�er, or a misregistration of the biplane gantry in directions

orthogonal to the imaging axis.

3.2.3 Stereo Reconstruction of 3D Curves

The motion tracking algorithm developed in the next chapteroperates on a pre{

existing 3D model of the coronary tree. This section describes how to generate that

static coronary model from one biplane image pair. The algorithm was developed and

implemented by Fabien Mourgues [73, 74], and is reviewed here for completeness. The

author of this thesis contributed minor improvements to his work, and performed a

phantom validation of the method.

Vessel detection and segmentation

User input is required to identify corresponding coronary centerlines in a pair of

biplane x{ray angiogram images (Fig. 3.10). The user's drawing is constrained by an

underlying potential �eld constructed from the angiogram images using a multi-scale

vessel detector [75, 76]. The vessel detection �lter is based on the Hessian matrix,

and examines the gray level second order spatial variation of the angiogram.
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Figure 3.10: Screen-shot ofgcoro. The software enables the user to segment artery
centerlines on an image, while being constrained by the multiscale response map.
gcoro was written by Arnaud Contes and provided courtesy of the Chir group at
INRIA-Sophia Antipolis.
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At centerline pixels of a gray-scale imageI with dark vessels, the Hessian matrix

H
�
I ; x = ( x; y)

�
=

"
@2 I (x )

@x2
@2 I (x )
@x@y

@2 I (x )
@x@y

@2 I (x )
@y2

#

(3.23)

has one large eigenvalue, and one eigenvalue close to zero, with respective eigenvectors

pointed across the width, and in the direction of the vessel. Theanalysis can be

performed at di�erent scales by smoothingI with a 2D Gaussian �lter with standard

deviation � . The scale� which produces the largest eigenvalue is stored as� opt, along

with its associated eigenvectoreopt. For a centerline pixel, one expects to �nd two

strong edges atx � � opteopt. The strength of each edge is quanti�ed according to:

g1(x) = g(x + � opteopt) � eopt (3.24)

and

g2(x) = � g(x � � opteopt) � eopt (3.25)

whereg(x) is the gradient vector at image pixelx.

Finally, since both edges are expected to be strong for a centerline pixel, the line{

ness of a pixel is quanti�ed by taking the minimum ofg1 and g2. This approach en-

hances rectilinear structures, but not simple edges. This calculation is performed over

the entire image, and the multiscale response map is generated by storing min (g1; g2)

at each pixel (Figure 3.11).

In selecting the range of scales for vessel detection, some trade-o�s must be consid-

ered. The use of small scales can be associated with the enhancement of noise, while

the use of larger scales may select background structures such as the ribs, or cause

two neighboring parallel vessels to be detected as one large vessel. The multiscale

potential map shown in Figure 3.11f was generated using scales of � = f 1; 2; 4; 8g

pixels. In practice, the set of �lter sizes used for each patient should be optimized for

the given imaging conditions and vessel sizes.

3D Reconstruction using epipolar geometry

Stereo reconstruction of points is well de�ned, and was described in Section 3.2.2.

However, the reconstruction of a 3D curve is complicated by theneed to de�ne the
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(a) (b) � =1 pixel

(c) � =2 pixels (d) � =4 pixels

(e)� =8 pixels (f) � = 1,2,4,8 pixels

Figure 3.11: (a) LAO cranial projection of the left coronaryartery tree. Results
of the vessel detection �lter are shown in (b)-(e) for di�erent values of � . This
second derivate based method enhances rectilinear structures,such as vessels. (f)
The multiscale response map stores the best response among the di�erent � values
at each pixel.
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correspondence between points along the two projected curves (Fig. 3.12). In recon-

structing an arterial tree, bifurcations are used to pre{de�ne a set of point-to-point

matches in the projection images. Then, the problem is reduced to establishing corre-

spondence for the multiple arterial segments, as delineated bythe bifurcations. The

method described here uses the geometric con�guration of the imaging system to

facilitate point matching between two projections of a a 3D curve.

The epipolar constraint is explained using Figure 3.13 which shows a biplane

imaging system with x-ray sources located atS1 and S2. Selecting a pointP1 in the

�rst image plane de�nes a planeP1S1S2 with the x-ray sources. The intersection of

this plane with the second image is called the epipolar line. With a well calibrated

system, the corresponding point matching toP1 will lie on this epipolar line. In

this example, the point matching would be established atP2, where the epipolar line

intersects the artery of interest.

Suppose that in one projection the curve is de�ned by an ordered set of m pix-

els f u0; u1; : : : ; um� 1g, and in the other projection by an ordered set ofn pixels

f v0; v1; : : : ; vn� 1g. The mapping T [u] = v between the two curves has to be non{

decreasing. For example, ifT [u i ] = v j , then the neighboring matches could be

T [u i ] = v j +1 , T[u i +1 ] = v j +1 , or T[u i +1 ] = v j . Establishing this mapping is analo-

gous to �nding the optimal path through an n� m correspondence matrix representing

all possible correspondences between the two projected curves(Fig. 3.14a).

Optimality is de�ned with respect to the epipolar constraint. For a given mapping,

T [u i ] = v j , v j should lie on the epipolar line generated fromu i . The distance ofv j

from the epipolar line de�nes an error metric, and is the value stored for each of the

possible point matches in then � m correspondence matrix (Fig. 3.14b). The optimal

mapping T is the one which minimizes the sum of these errors over the entire curve.

A dynamic programming algorithm is used to �nd the minimum costpath through

the correspondence matrix.

Once point{to{point correspondence between two curves is established in the pro-

jection images, the 3D reconstruction is performed on pairs ofpoints as described

in Section 3.2.2.
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Image 1 Image 2

?

Figure 3.12: Three dimensional reconstruction of curves is complicated by the need
to de�ne correspondence between points in the two projections. In this example,
the bifurcations are well de�ned point matches. Along the length of the curve, the
matching is more ambiguous.

Image 1 Image 2

S1

P1

S2

P2

Figure 3.13: The epipolar constraint is used to identify matching points between two
curve projections. The planeP1S1S2, de�ned by the two x-ray sources and a point
in the �rst image plane, intersects the second image plane alonga line. The epipolar
constraint states that the matching point P2 is on this line.
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Figure 3.14: (a) The correspondence matrix represents all possible point matches
between a curve's two projections. Each possible match has an associated cost, or
error metric, and is de�ned as the distance of one point to the epipolar line generated
from the other point (b). The minimum cost path through the correspondence matrix
(white line) represents the optimal matching between the twocurves. Figure (b) is
adapted with permission from [73].



PhD Thesis c
 2003 by Guy Shechter. 50

3.3 Results

Dewarping polynomials were computed for images acquired with di�erent con�gu-

rations of the X{ray imaging system. The RMS error of the two polynomial functions,

and the distance RMS error, as a function of the degree of the bi{polynomials is plot-

ted in Figure 3.15. For each of the �ve examples, the maximum Euclidean distance

error is measured and plotted as a function of bi{polynomial order in Figure 3.15(e).

The correction of Figure 3.5 using �fth-degree dewarping bi{polynomials is shown in

Figure 3.16.

Images of the phantom were acquired with the same imaging parameters (PA,

SA, SID, IS) as used for acquiring patient data. We describe results for a typical

calibration run, which operated on the 13 biplane image pairs shown in Table 3.1.

Before performing any calibration, the phantom was reconstructed using the imag-

ing parameters recovered from the image headers. Intensi�er size was measured di-

rectly from the grid images, where the inter{bead spacing was known to be 1 cm. The

large 2D and 3D errors (see Table 3.2) indicate a bad reconstruction, pointing to the

possibility of (1) an uncorrected low{order component of the geometric distortion, or

(2) mis-calibration of the imaging geometry due to uncertainties in the header speci-

�ed parameters. Projecting the reconstructed phantom onto the images con�rms the

poor quality of the reconstruction (Fig. 3.17a).

Computing an in-plane rotation (� ) for each projection image produces the most

signi�cant improvement in reconstruction accuracy. The RMS(E3D ) was 3.2 mm, and

the RMS(E2D ) was 14.8 pixels. The projection of this reconstruction in Figure 3.17b

begins to look more like the underlying phantom image, but the errors are still signif-

icant. With the addition of tx and ty to the optimization function, the reconstruction

becomes visually acceptable (Fig. 3.17c). The RMS(E3D ) and RMS(E2D ) drop to

0.9 mm and 1.5 pixels, respectively.

Table 3.2 summarizes the reconstruction errors for di�erent combinations of op-

timized parameters. Primary and secondary angles were allowed to vary � 1 degree,

and the SID was allowed to vary� 1 cm. When the SOD was optimized, it was

constrained to be a linear function of PA.
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Figure 3.15: RMS errors of dewarping polynomials as a function of polynomial degree
for di�erent imaging orientations (a)-(e). The RMS error ofthe horizontal and vertical
polynomials are plotted independently as solid lines, and thenorm distance RMS error
is plotted as a dashed line. The maximum displacement error from each of the �ts
(a)-(e) is plotted in (f) as a function of polynomial degree.
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Figure 3.16: Correction of the geometric distortion found inthe image shown in
Figure 3.5 using �fth degree bi-polynomials.
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PA (deg) SA (deg) SID (mm) IS (mm)
-38.7 -19.2 990 191.5
34.9 17.2 870 187.2
-38.7 27.3 990 191.5
36.6 -12.5 900 188.3
-46.1 0.7 970 191.6
30.5 9.9 850 186.8
-36.7 0.1 980 191.3
49.2 -1.3 950 188.3
-36.7 -29.2 1040 191.5
90.1 -1.5 1070 189.2
-36.7 29.3 990 191.1
41.7 -19.6 960 187.8
-36.7 -10.5 990 190.7
43.3 17.9 940 188.0
-46.1 -1.5 970 191.2
38.1 0.0 910 187.5
-32.9 1.1 1000 191.4
34.5 -2.9 980 188.2
-32.9 -26.2 1010 191.2
87.2 -5.3 1020 189.0
-32.9 26.0 1020 191.2
30.0 -12.5 910 187.7
-28.4 -21.5 1010 191.5
41.1 11.6 940 188.0
-35.1 0.1 950 191.1
41.2 3.8 910 187.9

Table 3.1: Imaging parameters of the x{ray system corresponding to three patients'
acquisition. Phantom images were obtained with the same settings, and calibrated
as a single group.
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E3D (mm) E2D (pixels)
Optimized Parameters rms max rms max
None 16.2 36.0 64.2 167.0
� 3.2 5.3 14.8 43.0
� , tx , ty 0.9 1.5 1.5 4.7
� , tx , ty, PA, SA 0.9 1.4 1.2 3.8
� , tx , ty, SID 0.8 1.3 1.3 4.1
� , tx , ty, SOD, SID 0.7 1.2 1.2 4.0
� , tx , ty, SID, PA, SA 0.7 1.2 1.0 3.1
� , tx , ty, SOD, SID, PA, SA 0.6 1.0 0.9 2.7

Table 3.2: Reconstruction errors of a calibration phantom for di�erent combinations
of optimized parameters. The largest error reduction is obtained with the use of� ,
tx , and ty, which model in-plane rotation and translation of the image.

(a)

(b)

(c)

Figure 3.17: A bead phantom was reconstructed from a group of projection images,
and the 3D reconstruction was projected onto these images. (a) Nocalibration was
performed. (b) In-plane rotation, (� ), of each image was optimized. (c) In-plane
rotation, ( � ), and and translation (tx ; ty) of each image was optimized.
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The reconstruction algorithm was implemented in C, and can generate 3D recon-

structions from segmented projections in several seconds. An example reconstruction

of the left coronary tree is shown in Figure 3.18. An experimentwith a vascular phan-

tom was performed to validate this reconstruction method. Results are presented in

Section 4.2 as part of the motion tracking validation experiments.

3.4 Discussion

To reduce storage and computational requirements for tracking the motion of the

coronaries, the discrete representation of the reconstructed tree is converted to a

parametric representation. The use of B{spline basis functionsprovides a continuous

and compact representation both in 3D and in the projected 2D images, and provides

intrinsic smoothness to the curves [77]. The discrete coronary tree is �rst decomposed

into a set of arterial segmentsf A0; A1; : : :g. Each segment,Ak , is de�ned as the

ordered set of points describing a unique part of the coronary tree so that: (1) the

segment includes and is terminated at both ends by a bifurcation point; or (2) is

terminated by a bifurcation point at one end, and at the otherend, by a leaf or

root node of the tree. An approximating parametric curveCk(� ) 2 R3, is �t to each

Ak = f q0; q1; : : : ; qmk g 2 R3 using a chord length parameterization so that

�
Ck(� ) j � 2 [0; 1]

	
� Ak : (3.26)

Speci�cally, Ck(� ) is a 3D B{spline curve de�ned as

Ck(� ) =
nk � 1X

i =0

bi;p (� )V k
i (3.27)

where the f V k
i g 2 R3 are the nk control points, and the f bi;p g are the pth degree

B-spline basis functions. Using the length (m + 1) non{periodic and non{uniform

knot vector Uk , wherem = nk + p + 1, and

Uk = f 0; : : : ; 0| {z }
p+1

; up+1 ; : : : ; um� p� 1; 1; : : : ; 1| {z }
p+1

g; (3.28)
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(a) (b)

(c)

Figure 3.18: RAO (a) and LAO (b) projections of the left coronary tree at end
diastole. In (c), a wide{eyed stereogram of the reconstructed arteries, where the
vessel diameters re
ect the scale with the largest response in the artery detection
step.
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the values at the ends of the curve are constrained so that

Ck(0) = V k
0 = ( q0 2 Ak) (3.29)

Ck(1) = V k
nk

= ( qmk 2 Ak): (3.30)

This strategy allowsC0 continuity to be maintained between a parent artery,Ak , and

a child artery, A j , by forcing them to share a control point:

Ck(1) = C j (0) if V k
nk

= V j
0: (3.31)

In practice, cubic B{spline basis functions (degree 3,C2 continuity) are used for all

artery segments, andC0 continuity is maintained across the bifurcations.

3.5 Conclusion

Bi{polynomials dewarping functions can correct the high{order geometric distor-

tions that occur when using conventional image intensi�er systems. Fifth degree

bi{polynomials routinely provide RMS error measurements less than one half of a

pixel, with a sub{pixel maximum residual Euclidean distance.

The X-ray imaging system must be calibrated in order to produce accurate three

dimensional reconstructions from projection images. In addition to compensating for

the uncertainty in the reported imaging parameters (PA, SA, SID, SOD, IS), it is

necessary to estimate the three parameters� , tx , and ty. Once these parameters

are recovered with the phantom images, they can be applied to angiogram images

obtained with the same angulation.

A semi{automatic method is used to generate 3D models of arterial trees from pro-

jection angiograms. A user segments the arterial centerlines in the projection images.

Correspondence between points in the two projections is established automatically

using the geometric constraints of the imaging system. Finally,a 3D arterial tree is

generated using stereo reconstruction methods.


